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B oaunoit cmamve pazeueaemvlii n00X00 npumeHaemca 0 6bl600A YPAGHEHUN Koaedanus
KpY2/iblX CHepIHCHEll C YUemoM 6A3KOCHU MAMEPUANa CEPHCHA, 6AUAHUE OKPYHCalouleil cpeosl u
memnepamypul. Ilonyuenvi mounoe u npubdnudiceHHoe YpPaAGHEeHUA KPYMUIALHO20 U HPOOOILHOZ0
Konebanuil Kpyanozo cmepycua. Ilpu onucanuu cmepiicHa, HAX00AUE20CA 6 0edhopmupyemoli cpeoe,
paccmampuearomesa mpu ycioeus KOHMAKma: OMCymcmeue mpenus (21a0Kuili KORmaKm), mpenue
Medxncoy cmepitcHem u cpeooil no 3akorny Kynona u scecmkuit Konmaxm.
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Makanaoa Kumacsl 00HzeNeK MYMKbIP CbIPbIKHbLY, CURAMMAMACHIH, KOPULAZAH OPMAHbL HCIHE
memnepamypanvl ecenke ajia2aHoazvl mepoeameni KO32aAbICbIHbIY MEHOEYiH Kypacmulpy macini
Kapacmuipoinza. /{oHzenex mymkpip ColpulKmolH, Oypany mepoenicmepinin HAKmovl JHCIHE JHCYbIKmay
meHOeynepi anvinzan. O32epmy opmada coIpbIKMbIH, KAHOAU Kyii0e 001ambliHbIH 0iny yuin Keneci yu
Wapm KapacmulPpoli2an: YuKeaic HeoK (HColImblp HCAHACNA), CoIPLIKNEH OPMANbLY, YUKeICI, CblPbIK-
moly opmameH acepinde Kynon 3anbl OpeiHOANamMbIH JicoHE CHIPBIK, HEH OHbIH, KAMAH JHCAHACNACDL.
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MATHEMATICAL MODELING OF DYNAMIC INTERACTION OF A ROD
WITH A DEFORMABLE MEDIUM
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In this article, the developed approach is used to derive the equations of oscillations of round
rods, taking into account the viscosity of the rod material, the influence of the environment and
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temperature. The exact and approximate equations of torsional and longitudinal vibrations of a round
rod are obtained. When describing a rod in a deformable medium, three contact conditions are
considered: the absence of friction (smooth contact), the friction between the rod and the medium
according to Coulomb's law, and the hard contact.

Key words: dynamic interaction, oscillations, rod, environment, friction, hard contact.

Beeoenue C IIUPOKUM HCIIOJIb30BAHHEM  YHCIECHHBIX
Teopus TPOIOTBEHOTO KOJICOAHUS CTEPXK- MeToJI0B. IIpakTuka BbIABHUraeT Ha NEpeaHUI
Hell BrepBble OblIa pazpadoTtana [loxramepom u IJIaH 33/1a4d MHOTOBAapUAHTHBIX HCCIIEIOBaHUN
Kpu. B aroii xe pabore H0CTATOYHO TMOJIHO JIBYMEPHBIX U TPEXMEPHBIX CUCTEM, aICKBATHOE
OTpaXEHbI M €€ JalbHeHIne WCCIIeOBaHMS. pelieHrne KOTOPBIX HHOTJAa BO3MOXKHO TOJIBKO
Jisa BBIBO/Ia KITACCHMYECKOTO YpaBHEHHS KOJeO- YUCIIEHHBIM MyTeM. Kak mpaBuimo, HaWTH
AHUS CTEPKHS UCIOJIB30BATUCH TUIIOTE3HI ILJI0C- 3aMKHYTO€ AQHAJIWTUYECKOE pelIeHne s
KOTO CEUeHHs MpH TMPOJOIBHOM KojeOaHUW U OONBIIMHCTBA TIPOOIIEM HE MPEICTABISICTCS
runote3a Kupxroda mns momepednoro xonebda- BO3MOJKHBIM, & JKCIEPUMEHTAIBHBIC HCCIE0-
uus. [lonxonom, pazsuteiM C.I1. Tumorenko u BaHUsI 4aCTO OKAa3bIBAIOTCS TPYAOEMKHUMHU IIPO-
JPYTUMH, TTOTYYCHBI TUTIEPOOJINYEeCKUE ypaBHe- neccaMu. JTHM, B YacTHOCTH, U OOBSICHSETCS
HUS IS TIOTIEPEYHOT0 KOJICOaHHS CTEPIKHSI. MPEBATMPOBAHUE YUCIEHHBIX METONIOB, MMEIO-
OpHako OYeHb Majo PadOT TMOCBSIICHO IIMX MECTO, KaK B OTEYECTBEHHOM, TaK U B 3apy-
M3YYCHUIO KOJICOAHUS KPYTJIOro  CTEPXKHS, OexHO# pacueTHOM npaktuke. [loaromy dyHma-
Haxojsmerocs B jpedopMupyemMoir  cpene, MEHTAIIbHO-TIPUKJIATHOE HCCIIEOBAaHUE TaHHON
OCOOCHHO TIPH HAJIWYUU TPEHHS MO TPaHUIE MPOOJIEMBI, HECOMHEHHO, SBIISETCS aKTyalbHON
KOHTaKTa CTep)KeHb — OKpy’Karollas cpeja. 3aa4ei.
Haunbonee wHTEpecHBI pe3ynbTaThl B paboTax O6vexmut u Memoowl ucciedo8anuil
[1,2,3]. B uactHOoCcTH, B pabore [3] okpyxa- OOBEKTOM HCCIICIOBAHUS SBISCTCS TUHA-
Iolas cpefa paccMaTpuBajiach Kak BHUHKIIE- MHUYECKOE B3aMMOJICHCTBHE CcTepxHel ¢ aedop-
poBckad. [ns Hee BBIBEACHO YpaBHEHHUE IIPO- MupyeMoun cpenoi. IIpu uccienoBanum BOJIHO-
JOMIBHOTO KOJNEOaHWs YHpPyTroro CTEpKHsS TpH BBIX TOJIEH B IMHEHHBIX e(OPMUPYEMBIX Cpe-
HaJIMYUU TPEHWUSI 110 TPAHUIIE KOHTAKTA. JlaX WITU TIPU PELIeHUH 33]1a4 KoJjeOaHus CTepK-
[Tpu uccnenoBaHuu KojieOaHUsI CTEPKEHb HEll HCHOJB3YIOTCS MaTeMaTHYeCKHE METOMbI
OyJeM paccMaTpuBaTh Kak TPEXMEPHOE BSI3KO- WHTETpallbHbIe  mpeoOpazoBanusi Dypre U
YIpyroe H30TPOITHOE TENO C IOCTOSHHBIMU Jlannaca.
XapaKTepUCTHKAaMH, T.€. CUUTaeM, YTO MaTepHall Pezynomamot u ux oocyrycoenue
CTEpXHS U CPEJIbl OJTHOPOJIEH. 3aBUCUMOCTH MEXTy HAPSHKEHUSIMHU o

CoBpeMEHHBI 3Talm  pa3BUTHS  CTPOU-
TEJIbHOI MEXaHUKH, B TOM YHCJIE IIPU OIIpeee-
Huu HJIC cTpouTenbHBIX KOHCTPYKIMM, CBSI3aH Ciryqac 3aJ1aluM B BUJIC

U, =grad®,_ +rot[ W, ¢, +rot(¥,.E,) ],

JehopMaIsIMu E, 4 TeMIiepaTypoil B oOIiem

oV =M, (&™), i=], i,j=r61 (1)

rae ssskoynpyrue omeparopsl L, M, K . Uunexke «0» orHocurest k cre JKHIO, a «1» - K
m m m

OKpY>KarolleH cpene.
BBoj1s1 mOTEHIMABI TPOAOIBHBIX U TIOMIEPEYHBIX BOJIH M0 Gopmye [8]

U, =grad®_ +rot[ ¥, ¢, +rot(¥,.E,) ], @)
YPaBHEHHUS JBHKEHUS CPEJl MATEPUAJIA CTEPIKHS M OKPYIKAKOIIEH CPEIbl IPUBOIUM K BUILY

2
N, (AD, )= p, S om N, =L, +2M,,
ot (3)
2

M, (A%, )=p i joot
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IIpu nccnenoBanuy KPyTUILHBIX KOJeOaHUH cTepKHs rpaHnyHble ycaosus npul = I

0 1 0 1
oy =015 +Fp, Ué)zUé). (4)
Hble BH/bl TPAHWUYHBIX YCIOBHH. [lpu oTCyT-
CTBHUHU TPCHUSA

3nmeck [ - panuyc Kpyrioro CTepxHs.

[Ipu paccMOTpeHUH MPOJOIBHOTO KOJIe-

OaHMg CTepKHS OyaeM HCIOIB30BaTh Pa3iIid-
0 1

o® =¥+ f,(z,t), oV o+ f,(z,t)=0,

r

u@_y® r= ©)
r — Yr r= rO’
IIpU HATWYUU CyXoro Tpenus Kynona
0 _ O 0 _ (0)
oy =oy + f.(2t), o, =—n0 ©
o® = O _y® -
_770 +f ( ) lJr —Ur,r—l’o,
rae 7], - Ko3QpOUIUEHT TPEHHs, U IPH KECTKOM KOHTAKTE
0 _ +O 0 _ @
oy =oy + f.(z.1), o, =0, + ,(z,1), -
O _y® O _® »_
U,”"=U",U,"=U", r=r,
Bo Bcex uerblpex IpaHUYHBIX YCIOBHUSX s momepevHbIX KoJICOaHHH BO3bMEM
(4) - (7) UCKOMBIE q)yHKHI’H/I OT yria 9 HE JIMIIb YCJIOBUSA I'NTAIKOI'O KOHTAaKTa
3aBHCST.
0 1
c@=cW+ f (Z,@,t), o'r(g):o'r(g):o,
(8)
0 _ 50 _ ©_yo
Grz _O-rz _0’ Ur _Ur '
HauanbHble ycnoBus AJis BCEX OINKCHIBae- Ypasuenus  kpymunvnozo  xonebarus
MBIX 3aj1a4 OyZieM CUUTATh HYJIEBBIMHU. KpY2lo20 CMepoiCHA, Haxoosawe2ocs 8 0edop-

Mupyemoti cpeoe.
KpytunsHoe KonebGaHMe OMUCHIBAETCS
JIUIIb MOTEHIIHAIAMHU

% sinkz
i :;[—coskz ko"P exp(pt)dp(m=0,1), 9)
npu 3ToM QYHKIHUS, BXOJSIIAs B TPaHUYHbBIE YCIOBUS (4),
sinkz
_j coska }dkj f.,exp( pt)dp. (10)

(0)

pemeHI/m orparmuennsie pu I = Q1 00, coorBercTBEHHO Gy My T

=Byl (ﬁor)’ ‘P(O) = (ﬁlr) (11)
3nech ﬂrﬁ = P pszO + kz.

I'pannunbie ycnous (4) npeoOpas3yroTes K BUILY

/8 |:,B I (ﬁo o) I (ﬁOrO)j|Blo+ 10/81 |:,B K(ﬂ10)+K (ﬁlo):| 11_Moo rz1(12)
10:30|1(/80r0)+ BllﬂlKl(lger) =0.

HUckirouas u3 (12) TOCTOSHHYIO HHTETPUPOBAHHS Bll, noJry4aem

Jli1s moTeHmMana \P
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My E Ko (Al =Mt rae
IB {ml (:Bo ) (ﬂoro)}Blo_M_Ooﬁoll(ﬁoro){ro+ﬂ1 Kl( l',0):|Blo_Moo frel a

B L(A)
ﬂl (181 o) (13)

IIpu ucciem0BaHNN BOJHOBHIX IIPOILIECCOB K, ( ﬂlro)
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n)
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P . [IpeobpazoBaHHOE MEpEMENICHHE TOYEK
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Ug()) = :Boll(lgo ) (14)

Paznoxum npaByro yacts B (14) B crenennoii psia mo I’

i (r/2)2n+1
Ul = Z(ﬂo B,y ) ; n(n+1)! (15)
U BBEIEM I'IIaBHYIO qaCTng’O = —( ,BO Blo ) Toraa BMecTo (15) mosmyuum npeacTaBiIcHUe
U 0 _ Z.O:V 2n M (16)
g ni(n+)r

O6pamast (16) o K u P, umeem

/2 2n+1 ) 62 82
Zﬂz v, 2 AV =| poMg ( j——z- (17)

2
“ni(n+1)Y ot ) oz
Takum 00pasom, riaBHas 4acTh CMeIle- ceueHuto cTepkHs. s HaXO)K,Z[eHI/IHVQ uMeeM
mus V, onmosHauno onpenensieT pacrpesese- rpannuHOe yenosue (14), oTKya nonydaem

©) 1o

HHE TEepEMELIEHUS Ua 1 HaNpsKeHUH O i

o0

Z{mlﬂz +M Ml{l OR}—/@ } M =-M,'[F,(z.t)], @9

2 (Y’
KOTOpOE SIBJISIETCS TOYHBIM YpPaBHEHHEM neOaHust CTEPXKHS MPHU OTCYTCTBHM cpefibl. Ore-
KPYTHIBHOTO KOJEOaHHs BSI3KOYHPYTOro Kpyr- parop R,B (18) B obmem ciyuae cnoxen. Ox-

JIOTO CTepkHsA B nedopmupyemoit cpepe. [lpu
M, =0 BbIBOAMM ypaBHEHHE KPYTHJILHOTO KO-

R(z)0 pl”leM(%j. (19)

OrpannuuBasich B (23) npousBoaubiMu 110 Z u no { He BBIITE BTOpOro mopska, s Va nojayvyaeM

HaKO IJI BOJIHOBBIX IIPOLECCOB HpI/I6J'II/I)KCHHO

MPUOIMKEHHOE YPaBHEHUE

CYARLEVRY (1+ ’2M1’zajv CEVETIS 20
ZZ 0 rO2 1 2101 8t roz 0 [ r.g]; ( )

Kotopoe mist ynpyroro crepxss u mpu M m = M Fm = O nepexomur B K1accuueckoe
1o, o,
bz o> or’
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Kak Bunno u3 (20), U1 yIpyrux CTEpKHS KaK cpena ¢ Bs3KOM Mojenbio. HampspxkeHust B
W cpempl OKpy)XKamImas cpena BIMSET Ha CTEp)KHE
KoJeOaHue CTEep)KHA HE KaK BHHKIEPOBCKAad, a

=3 Mol 9)}(2:5))2 / 1)

n=1

2n+1
0% L0 %j (rr2)”
0 z(; °{/12 (az ni(n+1)!

AHAIOTUYHO MOXHO BBIBECTH TMPUOIH- [pomonbHble  KoneGaHus  KPYyrioro
’KEHHBbIC YpaBHEHHsI 00Jiee BBICOKOTO MOPSAKA CTEp)KHS, HAXOMAAIMIETOCS B AehOpMHPYEeMOit
0 TIPOM3BO/IHBIM. cpesie, ONKUCHIBAIOTCS TMOTeHIManamMu O W,

Vpasnenus 3 npo0oILHO20  KOneOanus IPH 3TOM TPaHUYHBIE YCIOBUS UMEIOT BUJ (5).
cmepocns. iaokuii konmaxm. JlaHHBIE TOTEHIIUATIBI TIOJI0KUM PABHBIMH

T sinkz
=I de@f)exp(pt)dp;
—coskz ' (22)
© coskz
=J' . ko"P exp( pt)dp.
o sinkz
CD( )
Hnst 5m TOJTy4aeM OOBIKHOBEHHEIE H((epeHInaIbHbIE yPABHEHHUS
d’ol 1dol) d*¢p) | 1dw
S i, =0, ——2m 4 ———2m _ g2yl _q
dr rodr dr r dr
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A\)I (QO! ), ():AlK (Oll,r),‘P(’()J:BO%(ﬂor), (23)
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z,0 P
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WHTETPUPOBAHUA A B, MPE/ICTABISIOTCS KaK 20 — kAbIo( 0 )_ B Bilg (:Bor)’
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U (01) =kAK, (alr) - ﬂlzBlKO (ﬂlr)'
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U 0 n+2 2n+2 (
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= 3w -m)

BBenem rinaBHbIe YacTH BeIpakeHui (24)

2 2 2
Uy =y A —KByB,, W, =kA, — BB, (25)
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2n+1
0 _ ©) oy 1(r72)" .
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Iocne obpamenus moK 1 P nmeem

s fla-eracaray Lo a-aa ke

M

n=0 m=0 n+1
n+2 8% _a n 1 o? m
+2 n_'_lct?ﬂl()Qm/lZ( ) +Ct[/’i'2() 57 Q,AL™ x
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=> M;AP | (1-c )AL +2¢ F~2 =7
nZ:(; oA ( )2 ' oz? QP ni(n +1)! (30)
Omneparop R, Bxomsmmit B (35), sBms- B obmem ciydae Buig omepatopa R
eTcs 00paIlleHueM BhIPKCHHUS cnokeH. OJHAKO JaJs BOJHOBBIX MPOIECCOB
B ( ,312 1+ k2 ) — 4K2 a.p, MIPHOIKEHHO

R

0=

al(ﬂlz - kz)
R(z7)= \/EM;lNl“Z(%], (31)

a oreparopsl

n-1
¢ =(1-N,M;*), Q= ;ﬂf“"’”ﬂz“’);

, J(2Y &2 L. J(2) &2 ]
O g e R P e

OrpanuuuBasch B (30) Ipon3BOIHBIMH OT YIPYIOro CTEpXKHS MU YIPYIOM OKpYKaroIIeH

W ke Brmme BTOPOr'O MOPS/IKA, ILHHW B clIydae CPEJIbI 0Ny aeM NPUOMIDKEHHOE ypaBHEHHE
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E o2 o’ =D,M,* ()(1—ct)Fr, (32)
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D, = 3a, 24bO 14 M, 2aO : |
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KOTOpPOE€ 10 BUJIY HAIIOMUHAET KJIACCHYECKOE YPaBHEHHE MPOAOIBHOrO KOJEOaHHUS KPYTJIOTO
ynpyroro crepskHs. Oxnako B (31) ckopocTs pactnpocTpanenus C; BOJIH CKaThs B TAKOM CTEPIKHE MHASL:

a2
1+k°[3a§—04b2] M
Clz — Cg 0 k _ 1 (33)

2 10T g
1+k, 72b° 5 Mo
3a, —4b;

- 2 2 2 2
3mece Cy- CKOpPOCTb BOIH CXKaTus B Te. C,= b0 \/(3a0 — 4b0 )/ (ao — b0 ) Kak
CTEP)KHE IIPU OTCYTCTBUHU OKPYKArOUIEH cpeasl,

BUIHO U3 (33), ckopocts C;3aBucur oT mapa-
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METPOB CaMOro CTEpXHSI M OKpyXkaromen
cpenpl. IIpyu OTCYTCTBUM OKpyKaromiedl cpeabl

C,=Cy,, a omm1 abComMOTHO  KECTKOH
okpyxaromei cpeael C; coBmagaer co Cko-

pOCTBIO  TIPOJOJHHONW BOJMHBI B  COOTBET-

1 oW oW

CTBYIOIIICH YIPYTO# Cpelie, 4TO U JOJDKHO OBITh
HCXOS N3 PUBNIECKUX COOOpaKEHHIA.

Ecmu B ypaBuHenmn (30) orpaHHYNTBCS
MPOU3BOJIHBIMU TIOPSIKA HE BBIIIE YETBEPTOTrO,

TO OJIs W NMECM HpI/I6J'II/DKeHHOG YpaBHCHUC

+ rO Ml alagDO

¢ o’ o’
o 1aW oW

otlaZ o> o

_ 6ad —3aZh? —4b o'W

— X
2 M, b7 (3a; —4b; )

al+alhi b oW

21,4
a'O bO

Bnusinue okpykarome cpeabl CKasbl-
BaeTCs HE TOJBKO Ha BEIMYHMHE CKOPOCTHU
BOJIHBI CXXaTus, HO W Ha INOABJICHHUHN HCYCTHBIX
npousBoausix of W, T.e. okpyxkaromas cpena

o0

DO =3 (A0, + AU —c QA 2

n=0

0

ouU n o2
Uz(O) zz _Cth§+(lz( )+Cth P jW

n=0
AHAJIOTUYHO BBIMUCKHIBAIOTCS  (POPMYIIBI
JUIS HamnpsDKeHHH B TOYKAaxX CTEpXKHS depes
rnapusie yactn U , W . Kak Bummo, Bepaxe-
Hus (35) He 3aBUCAT OT yCIIOBUI KOHTaKTa Mpu

I =T, a ypaBuenns s onpenenenns U , W

CYIIECTBEHHO 3aBHCAT OT IPAaHUYHBIX yCIOBUH.

Kak BumHo wu3 ¢opmymsr (20), mis
YIIPYTOro CTEPXHS OKPY’Karomasi Cpesia BIHSIET
Ha KoJjeOaHWe CTEPXKHs HE KaK BUHKJIEPOBCKa,
a KaK cpeja ¢ BA3KOW MoJienblo. BinsHue okpy-
JKaloIIeH cpelpl CKa3bIBaeTCSd HE TOJNBKO Ha
BEJIMYMHE CKOPOCTH BOJTHBI CoKATHS, HO M Ha TI0-
sABIeHNH HeueTHbIX npomssomubix ot W, T.e.
OKpy’KaroImasi cpesia BeieT ce0sl Kak aMopTh3a-
TOp, YTO MPUBOJIUT K 3aTyXaHHUIO HANIPSKCHUH B
CTEpIKHE.

Buoieoowt

[Monmy4yeHbl TOYHBIE W Ha OCHOBaHHWHU
TOYHBIX, MPHUOIMKCHHBIC YPaBHEHHS KPYTHIIb-
HBIX M TPOJOJBHBIX KojieOaHWi cTepxkHs. Ha
OCHOBAaHUM IIOJNYYCHHBIX YpPaBHEHHH MOXHO
MPOBECTH pacdyeT Ha TNPOYHOCTH JIIEMEHTA
KOHCTPYKLIUH C YYETOM BA3KOT'O CBOMCTBA MaTe-

+
ot*oz?
=DMt (1-c ) AVF,.

° a’bg ot
3a2 —4b? o'W |
b, ozt (34)

BeZeT cebs KaKk aMOPTHU3aTOp, YTO MPUBOAMUT K
3aTyXaHUIO HAIIPSDKEHUM B CTEPIKHE.
BennuuHel nepeMenieHui B CTEpKHE

W :| (r/2)2n+1
z |n(n+1)V (35)
(r/2)”

z° (n)*
pyana 4UCIECHHBIM METOJAOM Ha IIEPCOHAIBHOM
KOMITBIOTEDE.
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